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Abstract. In the present paper the new multiplier transformations j7p(A,/^, I) (8, 1 > 0, A > fj, > 0; p £ N) of 
multivalent functions is defined. Making use of the operator Sp (A, /x, i), two new subclasses ; (A, B;cr,p) and 

Pj[ ; (A, £?; cr, p) of multivalent analytic functions are introduced and investigated in the open unit disk. Some inter- 
esting relations and characteristics such as inclusion relationships, neighborhoods, partial sums, some applications of 
fractional calculus and quasi-convolution properties of functions belonging to each of these subclasses 'PjJ ; (A, B; a,p) 

and t (A, B; c,p) are investigated. Relevant connections of the definitions and results presented in this paper with 

those obtained in several earlier works on the subject are also pointed out. 



1. INTRODUCTION AND DEFINITIONS 

Let A(n,p) denote the class of functions normalized by 



43 

c3 



> (1.1) f(z)=z p + E a ^ (p,neN:= {1,2,3,...}) 

^ ^ ' k=n+p 

which are analytic and p — valent in the open unit disk U = {z : z£C and \z\ < 1}. 

Let f(z) and g(z) be analytic in U. Then, we say that the function / is subordinate to g if there exists a Schwarz 
function w(z), analytic in U with w(0) — 0, \w{z)\ < 1 such that f(z) = g(w(z)) (z G U). We denote this subordination 
/ -< g or f(z) -< g(z) (z G W). In particular, if the function is univalent in W, the above subordination is equivalent 
to /(0) = 5 (0), f(U) C g{U). 

For / G A(n,p) given by (1.1) and g(z) given by 

(N!(1.2) 9 (z) = zP+ £ (p,»GN:= {1,2,3,...}) 

■ their convolution (or Hadamard product), denoted by (f * g), is denned as 

oo 

0;(l-3) (f * g)(z) := Z p + £ afc 6 fc z fc =:(.g*/)(z) (z 6 W) . 

C ~ ) , k=n+p 



> 



Note that f * g G A(n,p). In particular, we set 

l):=.Ap, >t(l,n) :=.A(rc), .4(1, 1) := A = A 



| For a function / in A(n,p), we define the multiplier transformations J^f(A,/z, as follows: 
jj^ ■ Definition 1.1. Let / G .4.(n,p). For the parameters S, A, ^, i G M; A > // > and (5, £ > define the multiplier 
transformations Jp(\,[i,l) on „4(n,p) by the following 

J°(\, f x,l)f(z) = f(z) 

(p + l)J*(\, /i, !)/(*) - A/iz 2 /"(z) + (A — /i + (1 - p)Ap) z/'(z) + (p(l - A + p) + /) /(z) 

(1.4) (p + l)Jp(X, /x, 0/W = A/^J^A, /x, 0/(«)]" + (A - /i + (1 - p)A/x) z[j;(A, /x, 0/(*)]' 

+ (p(l-A + /i) + l 7 p 1 (A,M,0/(2) 

J/ 1 (A, M , 0( J/ 2 (A, /i, l)f(z)) = Jp 2 (A, M, IXJp 1 (A, M, 0/CO) 
for z e W and p, n G N := {1, 2, ...}. 

If / is given by (1.1) then from the definition of the multiplier transformations Sfp{\, /i, I), we can easily see that 

oo 

(1.5) J*(\,^l)f(z) = z p + ]T $ k p (5,\,n,l)a k z k 

k—n+p 
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where 
(1.6) 



$*(J,A,/i,/) 



(k - p)(Xnk + X - n) +p + l 
p + l 



Remark 1.1. It should be remarked that the operator J p (X, yu, I) is a generalization of many other operators considered 
earlier. In particular, for / G A(n,p) we have the following: 

(1) jf(l, 0, 0)/O) = D s f(z), (S G No := N U {0})thc Salagean differential operator [42]. 

(2) Ji(X, 0, 0)f(z) = D x f(z), (5 G No) the generalized Salagean differential operator introduced by Al-Oboudi 
[2]- 

(3) Ji(X,/j,,0)f(z) = D x f(z), the operator studied by Deniz and Orhan [18], in special case < fi < X < 1 the 
operator was studied firstly Raducanu and Orhan [39]. 

(4) jf (1,0, l)f(z) = iff(z), (6 G N ) the operator considered by Cho and Srivastava [15] and Cho and Kim [16]. 

(5) i7*(l,0, l)f(z) = I s f(z), (5 G No) the operator investigated by Uralegaddi and Somonatha [54]. 

(6) jf(X, 0, O)f(z) = D{f(z), (S eR+U {0}) the operator studied by Acu and Owa [1]. 

(7) jf(X, 0, l)f(z) = 1(6, X, l)f(z), (S eR+U {0}) the operator introduced by Cata§ [11]. 

(8) J*(l,0,0)/(z) = D s p f(z),(5 G N ) the operator considered by Shenan et al. [45]. 

(9) J*(A,0,0)/(z) = D{ p f(z),(6 G N ) the operator investigated by Kwon [25]. 



(10) J% (1,0,1) f(z) 

(11) J^(X,0,l)f(z) 



I p (S,l)f(z), the operator considered by Kumar et al. [48]. 
: I p (6, X, l)f(z), the operator studied recently by Cata§ et al. [12]. 



For special values of parameters A, fi, I and p, from the operator J p (X,p,,l) the following new operators can be 
obtained: 

. J*(\,p,\) = J*{\,») 
• Ji(X,tx,l) = J s (X,^,l). 

Now, by making use of the operator J p (X, fj,, I), we define a new subclass of functions belonging to the class A(n,p). 
Definition 1.2. Let A > n > 0; 1 , 5 > 0: p e N and for the parameters a, A and B such that 

(1.7) -1<A<B<1, < B < 1 and < <r < p, 

we say that a function f(z) G A(n, p) is in the class V x t (A, B; a, p) if it satisfies the following subordination condition: 



(1.8) 



[jf(\,H,l)f{z)]' 



P 



If the following inequality holds true, 
(1.9) 



zP- 



— a 



P 



1 + Az . 



< 1 (z G U) 



B ^^; p _> J ^ [pB + (A-B)(p- a)] 

the inequality (1.9) is equivalent the subordination condition (1.8). 

We note that by specializing the parameters A, fi, I, 5, a, A, B and p, the subclass V x t (A, B; a,p) reduces to several 
well-known subclasses of analytic functions. These subclasses are: 

(1) KuA- 1 ' 1; 0, 1) = KoA-l> 1; 0, l) = H (see Mac-Gregor [31]); 



X.fi.l 

(2) V° x ^ 

(3) 

(4) n», 

(5) K,,i 

( 6 ) K,,i 

( 8 ) K,,i 
[io]); 

(9) V° x ^ 

(io) n,^ 



A,B;a,p)=V 1 M (A,B;a,p)=S p (A,B,a) (see Aouf [3]); 

-1,1; o-,p) = T>l fil (-l,l; a, p)=Sp(o-) (see Owa [35]); 

-1,1 -I; 0,1) =^(-1,1-1; 0,1)= 5(a) (a > ±) (see Goel [20]); 

-l,l-I;0,p)=7? 1 i0> ,(-l,l-i;0,p)=5 p (a) (a > ±) (see Sohi [49]); 

A,B;0,p) =Vl OJ (A,B;0,p) = S P (A,B) (see Chen [13]); 

A, B; 0, 1) = V} )Xll (A, B; 0, 1) = ft(A, B), (-1 < B < A < 1) (see Mehrok [32]); 

— 7, 7;0, 1) =Vq i(— 7, 7;0, 1) = 7£( 7 ), (0 < 7 < 1) (see Padmanabhan [38] and Caplinger and Causey 

(2/3- 1)7, 7; 0, 1) ee ■p o 1 o,;((2/3-l)7,7;0,l) ee ^ i7 , (0 < /3 < 1, < 7 < 1) (see Juneja and Mogra [23]); 

(2a- l)6,6;0,p) = 'P 1 o ; ((2a- l)6,6;0,p) ee S p (a,b), (0 < a < 1, < b < 1) (see Owa [36]); 

(7 - 1)0, a/3; 0, 1) ee 7^ 0> ,((7 - 1)0, 0, 1) ee £(a, /3, 7), (0 < a < 1, < /3 < 1, < 7 < 1) (see ffim 



and Lee [24]). 

Furthermore, we say that a function /(z) G V x t (A, B; a,p) is in the subclass V x „i(A, B;a,p) if /(z) is of the 



following form: 
(1.10) 



f(z) = Z P- J2 \ a k\ zk (p,nGN:= {1,2, 3, ...}). 
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Thus, by specializing the parameters A, /x, /, S, a, A, B and p, we obtain the following familiar subclasses of analytic 
functions in U with negative coefficients: 

(1) V^ ^-l, l,;a, 1) = Vq 1, ;a, 1) = 7>*(a) (0 < a < 1) (see /or f E A Sarangi and Uralegaddi [43] and 
/or / E _4(n) Sekine and Owa [44]); 

(2) ^,„,i((7 ~ 1)0, a# 0,1) = P 1 ,o,i((7 - 1)/3,^;0,1) = £*(a,/3, 7 ) (0 < a < 1, < /3 < 1,0 < 7 < 1) (see Kim 
and Lee [24]); 

(3) Vl^ l (A,B;a,p)=Vl 0!l (A,B-,a,p)=V*(p,A,B,a) (see Aouf [4]); 

(4) T$ tlitl {-0,0;O,1) =Vj tO>l (-0,l3;O,l) = V*{0) < < 1 (see ffim and Lee [24]); 

(5) V^ l (-0,0;a,l) =Vl Otl (-0,0;a,l) = V*(a,0) (0 < a < p; < < 1) (see Gupta and Jam [22]); 

(6) 5^,(-&#a,p) =fl Otl (-0,0;a,p)=V;(a,0) (0 < a < p; < /3 < 1) (see Aotf [6]); 

( 7 ) ^ A i(AB;0,p) = P o V,(i,B;0,|)) = V*(p,A,B) (see Shukla and Dashrath [46]); 

(8) K^(-l,l;a,p) ee ^(-l.ljtr.p) = Jp(l,/3) (0 < a < p; p E N) (see /or / e -4 Lee et a/. [26] and /or 
./ G A(n) Yaguchi et al. [55]). 

(9) P A ^((2a-l)6,6 ; 0,p) = P 1 A; ((2a-l)6,6;0,p) = r p (a,6) (0 < a < 1, < b < 1) (see Owa [36]); 

In our present paper, we shall make use of the familiar integral operator Xg iP defined by (see, for details, [9, 27, 30]; 
see also [54]) 

(1.11) (i §p )( z );=t±L [ Z t »-\f(t)dt feA(n,p); # + p>0; p G N) 

z Jo 

as well as the fractional calculus operator T> v z for which it is well known that (see, for details, [37, 50] and [53]; see 
also Section 7) 

(1.12) v»{z p } = T ^ p + \ 1 } v f - v (p > -i; * e R) 

in terms of Gamma function. 

The main object of the present paper is to investigate the various important properties and characteristics of two 
subclasses of A(n, p) of normalized analytic functions in U with negative and positive coefficients, which are introduced 
here by making use of the multiplier transformations J^(\,n,l) defined by (1.4). Inclusion relationships for the class 
V Xtll (A, B; cr,p) are investigated by applying the techniques of convolution. Furthermore, several properties involving 
generalized neighborhoods and partial sums for functions belonging to these subclasses are investigated. We also derive 
many results for the Quasi- convolution of functions belonging to the class V s x t (A, B; a,p). Finally, some applications 
of fractional calculus operators are considered. Relevant connections of the definitions and results presented here with 
those obtained in several earlier works are also pointed out. 

Remark 1.2. Throughout our present investigation, we tacitly assume that the parametric constraints listed in (1.6), 
(1.7) and Definition 1.1 are satisfied. 

2. INCLUSION PROPERTIES OF THE FUNCTION CLASS V 5 X lx l (A,B-a,p) 

For proving our first inclusion result, we shall need the following lemmas. 
Lemma 2.1 (See Fejer [19] or Ruscheweyh [41]). Assume a\ = 1 and a m > for m > 2, such that {a m } is a convex 
decreasing sequence, i.e., a m — 2a m +\ + a m+2 > and a m+ i — a m+2 > for m E N. Then 



(2.1) ^y£a m z m -^ >- 

for all z E U. 

Lemma 2.2 (See Liu [28]). Let — 1 < A 2 < A\ < B\ < B 2 < 1. Then, we can write the following subordination 
result: 

1 + B x z 1 + B 2 z 



-< 



Lemma 2.3. If 
Proof. Define: 



where 



l + A x z 1 + A 2 z 

H > ^ or A = M = 0] , then «{l + £~ n+p 5g(TCT) ^" P } > I 6* all z E U. 

oo 1 oo 

q(z) = 1 + V . , - „ z k+n - 2 = 1 + V B k z k 

k=2 <P P (i,A,fi,l) k=2 



(2.2) B k = 1 P + l 



$£ +n+p - 2 (l, A, it, I) (k + n- 2) (Ait(fc + n + p-2) + A- M )+p + Z 
for all n,p G N, fc > 2. 
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Since the values k, I, p, A and \i are positive, we have Bk > for all k G N. We can easily find that 



(2.3) 



(2.4) 



Bk+i — 



P + l 



(k + n- l){XfJ,(k + n + p-l) + X-n)+p + l 



Bk+2 — 



p + l 



(k + n)(Xfj,(k + n + p) + X-u)+p- 
and thus from (2.3) and (2.4), we can see that 



Bk+i - B k+2 > 



for all k G N. Next, we show that the inequality 



(2.5) B k - 2B k+1 + B k+2 > 

holds for all k G N. Using (2.2), (2.3) and (2.4) we find that 

p + l 



B k - 2B k+1 + B k+2 — 



(k + n -2) (Xa(k + n + p-2) + X-u)+p + l 
p + l 



-2 
+ 



(k + n- l)(Xu(k + n + p-l) + X-u)+p + l 
p + l 



(k + n)(Xa(k + n+p) + X-u)+p + l 
2(Xa) 2 [3(k + n)(k + n + p-2)+p 2 -3p + 2] 

2Xu [3(A - n)(k + n - 1) + p(2(X - u) - 1) - 1} + (X - a) 2 



+ 



C2C1C0 



where Ci = [(k + n — i)(Xu(k + n + p — i) + X — u)+p + l] and from the hypothesis of Lemma 2.3, we deduce that 
(2.5) holds for all k G N. Thus the sequence {B k } is convex decreasing and by Lemma 2.1 we obtain that 



3?{g(z)} = 5R <^ 1 + B k z k+n - 2 \=$t\l+ 



k=2 



fe=n+p ^(l,A,M,0 



z k - p > > 



for all z £W. The proof of Lemma 2.3 is completed. 

l+i 

2p 

,5+1 



A — [i > or A = a = and <5 > 0, then 



Theorem 2.1. If 

(2-6) V d x +) l (A,B-,a,p)CVi 4ll (A,B-,a,p). 
Proof. Let / G V^^A, B; a,p). Using the definition of V^^A, B; a,p) we obtain that 

(2.7) 



1 (z\J*+\\»,l)f{z)]' \ t l + Az 

— a I ~< — (z G U). 



p — a 



zP 



l + Bz 



Applying definition of Jp 5 (A, /1, l)f(z) and the properties of convolution we find that 



z[J$(\,H,l)f(z)}' 



pzt- 



1 + 

y k=n+p P y ' 
y k=n+p P K ' 



X,fl,l) 
1 

X,fi,l) 



z k - p I * 



!+ E -$ k P (6 + l,X,(,,l)a k z k -P 



k—n-\-p 



'z[J^(X,a 1 l)f(z)f 



pzP 
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Therefore from the last equalities and (1.8) we get 

i ([Jf{x,n,i)f{z)y 



p — a 
1 

P — (7 



— a 



1+ ^ WD 



k— n-\-p 



k \ z[J^{\,^l)f{z)]> 



= q{ z)* 1 + Aw ^ 



z k - p I * 



1 fz[j6+\\,H,l)f(z)}> 



p — a 



zP 



— a 



l + Bw{z)' 

where \w(z)\ < 1 and w(0) — 0. From the Herglotz theorem and Lemma 2.3 we thus obtain 

f dzu(x) 

J\x\ = l l-XZ 

when m{x) is a probability measure on the unit circle \x\ = 1, that is 

/ dm(x) = 1. 

J|x|=l 

It follows from (2.8) that 



1 / z[Jp(X,fj,,l)f(z)]' 



p — a 



zP 



1 + Axz , . . 1 + Az 
| X | =1 l + Bxz w 1 + 



because }fa Z is convex univalent in U. Hence we conclude that 

Vi+] l (A,B-,a,p)CV{ tlil (A,B-,a,p), 
which completes the proof of Theorem 2.1. 

Theorem 2.2. If 5 > and -1 < A 2 < A x < B x < B 2 < 1, then 

(2-9) P'+yBi.^^.p) C P* MiI (B 2 ,A 2 ;a,p). 

Proof. Making use of Lemma 2.2, we can write 

Vi^BuA^^p) C V S X ^(B 2 ,A 2] a,p). 

Using (2.6) and (2.9), we have 

Vx£,i(BuM-,<r,p) C Vl^B^A^p) C Vi t ^(B 2 ,A 2 ;a,p) 

so, we obtain 

^(^i^i; C ^,,(52, A 2 ; <7,f>). 

Thus, the proof is complete. 



(2, 



3. BASIC PROPERTIES OF THE FUNCTION CLASS V 5 X4ll (A,B;a,p) 

We first determine a necessary and sufficient condition for a function f(z) G A(n,p) of the form (1.10) to be in the 
dasaVi tli ,i(A,B;<T,p). 

Theorem 3.1. Let the function f(z) € A(n,p) be defined by (1.10). Then the function f(z) is in the class 
V 5 x ^(A,B;a,p) if and only if 

OO 

(3.1) ]T k{l + B)$*(6,\,n,l)\a k \<(B-A){p-v) 

k=n+p 

where $£((5, A, Z) is given by (1.6). 
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Proof. If the condition (3.1) hold true, we find from (1.10) and (3.1) that 

| [Jp(X, fJ., l)f(z)]' - pz^l - \B[jf{\, ,i, l)f(z)]' - z p ~ 1 \pB + (A - B)(p - a) 



J2 k$$(5,\,n,l)\a k \z k - 1 



k—n-\-p 



(B - A)(p - a)z p ^ 1 - B J2 k$ k p (5,\,»,l)\a k \z k - 1 



k—n+p 



< k(l + B)<S> k (5,\,iJ,,l)\a k \-(B-A)(p-a)<0 (z e dU = {z : z e C and \z\ = 1}) . 

k—n-\-p 

Hence, by the Maximum Modulus Theorem, we have 

f(z)€V S x ^(A,B;a,p). 

Conversely, assume that the function f(z) defined by (1.10) is in the class V x t (A, B; cr,p). Then we have 



-P 



B 



-[ pB + (A-B)(p-a)} 



(3.2) 



EZ n+P ^ k p (S,X,^l)\a k \z k -P 



(B-A)(p- a)zv-^ B £~ n+p k<S> k (6, A, M , I) \a k \ z*-p 
Now, since \$l(z)\ < \z\ for all z, we have 

T,k= n+P ^(S,X^,l)\a k \z k -P 



(3.3) 



5ft 



< 1 (zeU). 



< 1. 



(B — A)(p - a)zP~i B EZn +P k*${6, A, „, I) \a k \z^P / 
We choose values of z on the real axis so that the following expression: 

{j*(\,^i)f(z)Y 
zP -i 

is real. Then, upon clearing the denominator in (3.3) and letting z — > 1~ though real values, we get the following 
inequality 

oo 

£ k(l + B)*$(5,\,n,l)\a k \ < (B-A)(p-a). 

k—n+ P 

This completes the proof of Theorem 3.1. 

Remark 3.1. Since { (A, B; a,p) is contained in the function class V s x t (A, B; a,p), a sufficient condition for 
f(z) defined by (1.1) to be in the class V 5 X t (A, B; <r,p) is that it satisfies the condition (3.1) of Theorem 3.1. 
Corollary 3.1. Let the function f(z) 6 A(n,p) be defined by (1.10). If the function f(z) t (A, B; <r,p) 7 then 

(B-A)(p-a) 



(3.4) 



fc(i + B)$£(M,/i,0 

The result is sharp for the function f(z) given by 



(k,p G N) . 



(3.5) 



/(*) 



(B-A){p-a) 
fc(l + S)$*(J,A,/i,/) 



z k (k, P eN). 



We next prove the following growth and distortion properties for the class V x t (A, B; <r,p). 
Remark 3.2. 

(1) Putting A = —(3, B = f3, S = and a = a in Theorem 3.1, we obtain the corresponding result given earlier 
by Aouf [6]. 

(2) Putting A = (7 — 1)13, B = a/3, (5 = 0, p = n = 1 and a = in Theorem 3.1, we obtain result of Kim and Lee 
[24]. 

(3) Putting 5 = in Theorem 3.1, we obtain Theorem 1 in [4]. 

(4) Putting A = (2a — 1)6, B = b, (5 = 0, n = 1 and a = in Theorem 3.1, we arrive at the Theorem of Owa [36]. 

(5) Putting <5 = and a = in Theorem 3.1, we obtain the corresponding result due to Shukla and Dashrath [46]. 

Theorem 3.2. If a function f(z) be defined by (1.10) is in the class V x t (A, B; <J,p), then 

p\ (B - A)(jp- a)(n+p- 1)! 



(p - q)l (1 + £0$£ +p (<5, A, (j,, l)(n+p- q)\ 



(3.6) 



< 



f [q) {z) 



< 



pi 



{B- A)(p - a)(n + p - 1)! 
(p-q)\ ' (l + B)<Z>; +p (S,\^,l)(n+p-q)\ 



+ 



n \ I „|f>— g 
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(3-7) /(*) = *"- - , r, ZZ n+P ' ,^ n+P (PEN). 



for g 6 No, p > <7 and all z <EU. The result is sharp for the function f{z) given by 

(B-A)(p-a 
(n+p)(l + B)^ +p (8,X,^l) 
Proof. In view of Theorem 3.1, we have 

{n+p)(l + B)<S> r >+P(6,\,n,l) 00 00 i-'i -l m*fc 



Ml |^ fc(l + ^(^A,^Q 



(fl-^)(p-a)( n + p)! ^ '--^ (fl-A)(p-a) 
which readily yields 

Now, by differentiating both sides of (1.10) g— times with respect to z, we obtain 

(3.9) /<«)(*) = j^f~ q (^)!«^ fe " 9 ^o; P > 9 ). 

Theorem 3.2 follows readily from (3.8) and (3.9). 

Finally, it is easy to see that the bounds in (3.6) are attained for the function f(z) given by (3.7). 

4. INCLUSION RELATIONS INVOLVING NEIGHBORHOODS 

Following the earlier investigations (based upon the familiar concept of neighborhoods of analytic functions) by 
Goodman [21], Ruscheweyh [40] and others including Srivastava et al. [50, 52], Orhan [33, 34], Deniz et al. [17], Aouf 
et al. [8] (see also [11]). 

Firstly, we define the (n, i])— neighborhood of function f(z) e A(n,p) of the form (1.1) by means of Definition 4.1 
below. 

Definition 4.1. For 77 > and a non-negative sequence S = {sfe}^L l7 where 

(-B - A){p-a) 

The (n, 77)— neighborhood of a function f(z) e A(n,p) of the form (1.1) is defined as follows: 

!oo 00 j 

g:g(z) = Z P+ E b k z k £ A(n,p) &nd E s k \b k - a k \ < rj ( V > 0)\ . 
k— n+p /c— n+p ! 

For Sfe = fc, Definition 4.1 would correspond to the Af v — neighborhood considered by Ruscheweyh [40]. 
Our first result based upon the familiar concept of neighborhood defined by (4.2). 
Theorem 4.1. Let f(z) e V\ tli> i(A, B; a,p) be given by (1.1). If / satisfies the inclusion condition: 

(4.3) (f(z) + ez p ) (1 + e)- 1 G V{^{A, B; a,p) (e e C; |e| < 77; 77 > 0) , 
then 

(4-4) Afl p (f)cV{^(A,B;a,p). 

Proof. It is not difficult to see that a function / belongs to t (A, B; <r,p) if and only if 

(45) B [ J p ^,,l)f(z ) y-z^ [ pB + (A-B)(p-,) ] ^ T t^U;reC,\r\ = l), 

which is equivalent to 

(4.6) {f*h)(z)/z"^0 (zeU), 

where for convenience, 

(A7 , h( , k p , ^ fc(l + Tj?)$ffi,A,/i,Q fc 

(4-7) M-):=^+ E c ^ -- P + E r(j? -A)( P -a) Z " 

fc=n+p k=n+p v yvr ; 



We easily find from (4.7) that 

fc(l + rS)$*(5,A,/i,0 



(4.8) |cfe| < 



t(B - A)(p-<r) 



" (B-A)(p-tr) 
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Furthermore, under the hypotheses of theorem, (4.3) and (4.6) yields the following inequalities: 

{{f{z)+ezP){l + e)- 1 )*h(z) 



or 

which is equivalent to the following: 
(4.9) 

Now, if we let 
then we have 



zP 

f(z) * h(z) 
zp 



^ o (zeU) 



+ e (zeU), 



f(z) * h(z) 



zP 



>r] (zeM;i)>0). 



g(z):=z*+ ]T b k z k eAf^ p (f), 

k=n+p 



(f(z)-g(z))*h(z) 



zp 

Ski 



^ (ofc - b k )c k -- 



k—p 



k=n+p 



< 



E (g-A)(p-<r) ' Qfc ~ 6fc||z| P <?7 (^W; r^O). 



fc= n+p 

Thus, for any complex number r such that |r| = 1, we have 

(g*h)(z)/z*?0 (zeU), 

which implies that g G V s x t (A, B; <r 7 p). The proof is complete. 

We now define the (n, rj)— neighborhood of a function f(z) G A(n,p) of the form (1.10) as follows: 
Definition 4.2. For rj > 0, the (n, 77)— neighborhood of a function f(z) G -4(n,p) of the form (1.10) is given by 



K, P (f)--= { 9 ■■ g(z) - ^ p - E b ^ k e ^(".p) and 

k— n+p 

~ fc(i + 5)^(M^0 
2^ — ^5 — ttti — 3 — IN - Kll < »7 fa > °) 



fe= n+p 



(B-A)(p-(r) 



Next, we prove 

Theorem 4.2. If the function /(z) defined by (1.10) is in the class V^ + \(A,B;a,p), then 



(4.11) 
where 



^(/)c^,i(AB;^) 

n[A/i(n + p) + A - fi] 



n[Xfj,{n + p) + X-/j] +p + l' 
The result is the best possible in the sense that 77 cannot be increased. 



Proof. For a function f(z) G Pl + \(A, B;a,p) of the form (1.10) Theorem 3.1 immediately yields 



(4.12) 

Similarly, by taking 



2^ TT, M < 



p + l 



k—n-^p 



(B-A)(p-a) 



g{z):=z*- £ N^eA/^Cf) (»? = 



n[A/u(n + p) + A-/j]+p + /' 
n[A/j(n +p) + A — fj] 



n[Xfj,(n +p) + X — fj]+p + l 



we find from the definition (4.10) that 
(4.13) 



2^ — — ^71 — —\ — IN - Ml < »? fa > °)- 



k—n-\-p 



(B-A)(p-a) 



(4.10) 
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With the help of (4.12) and (4.13), we have 

k(l + B)Q$(5,\,ix,l) 



k(l + B)$ k p (5,\,fi,l) 



tL. iB-A)(p-a) Ul " k ^ +p (B-A)(p-a 



\h\ 



k=n+p 



7^ 3 IN~I"/.| 



k—n+p 



(B-A)(p-a) 



~ fc(i + B)j|(M^vO ,,, 



k=n+p 



< 



(B-A)(p-a) 
p + l 



n[\/j,(n + p) + A - jj\ + p + I 



Hence, in view of the Theorem 3.1 again, we see that g(z) <G V^^A, B; a,p). 

To show the sharpness of the assertion of Theorem 4.2, we consider the functions f(z) and g(z) given by 



(4.14) 

and 
(4.15) 



f(z) = Z P- 



(B-A)(p-a) 



g(z) = Z p 



{n+p)(l + B)^ +p {8+l,X,fi,l) 
(B-A)(p-a) 



+ 



^e^(AB;a, P ) 
(B-A)(p-a) 



r n+p 



(n + p)(l + B)$£ +p (<5 + 1, A, ft, I) (n+p)(l + B)^ +P (S, A, ft, I) 
where rj* > rj. 

Clearly, the function g(z) belong to Af%" p (f). On the other hand, we find from Theorem 3.1 that g(z) £V\ tll i(A, B; cr,p).This 
evidently completes the proof of Theorem 4.2. 

5. PARTIAL SUMS OF THE FUNCTION CLASS V{ t {A, B; a,p) 

Following the earlier work by Silverman [47] and recently Liu [29] and Deniz et al. [17], in this section we investigate 
the ratio of real parts of functions involving (1.10) and its sequence of partial sums defined by 



(5.1) 



K m (z) 



z p , m = 1, 2, ...,n + p — 1; 

zP - J2T=n+ P \ a k\z k , m = n + p,n + p+l,.... 



(k >n + p; «,]) £ N) 



and determine sharp lower bounds for 3? {f{z)/n m {z)} , 9?{K m (z)/ f{z)} . 

Theorem 5.1. Let / G A(n,p) and n m {z) be given by (1.10) and (5.1), respectively. Suppose also that 



(5.2) 

Then for m > k + p, we have 
(5.3) 
and 
(5.4) 



JC* ^ 1 |^ here fl * = (B-A)(p-a) ) ■ 



5R 



/(f) 



> 1 



'm+1 



1 + #m+l 

The results are sharp for every m with the extremal functions given by 

1 



(5.5) 



/(*) 
al fu: 

f(z) = z p 



> 



9 



m+l 



Jm+1 



Proof. Under the hypothesis of the theorem, we can see from (5.2) that 

k +i > k > 1 (k > n + p). 

Therefore, we have 



(5.6) 

by using hypothesis (5.2) again. 



k—n+p k— m+l k=n+p 
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Upon setting 



){z) = 9 m+ i 



m 

K m( z ) 



- 1- 



'm+1 



(5.7) 



1 Q m+ iEZ m+ i\^\z k - p 

- * — \m i i i. 



i-E 



k=n+p 



a k z 



k—p 



By applying (5.6) and (5.7), we find that 



u(z) - 1 



uj(z) + 1 



< 



fm + lE2L m+ l|Ofcb fc - p 



(5.8) 



■j— < 1 i> G W; fc > n + p), 



which shows that 5ft (w(z)) >0(z£ IX). From (5.7), we immediately obtain the inequality (5.3). 
To see that the function / given by (5.5) gives the sharp result, we observe for z — > V that 



K m ( z ) u rn+l 

which shows that the bound in (5.3) is the best possible. 
Similarly, if we put 

<j)(z) = (l + m+ i) 



1 _ _5_ z m-p+l _^ 1 _ 1 



7 m +l 



'm+l 



(5.9) 



_ , (1 + flm+l) Efclm+1 l Q fcl 

1 I . * — *?r> i i 7. 



X fc-J> 



l-ELn+pM^ p 



and make use of (5.6), we can deduce that 



<t>(z) - 1 




(1 + 6 m+ i) Efelm+l 


Wk 


Z k- P 




4>(z) + 1 




^-2ET=n+p\^\z k -P + (0 m+1 - 


-1) 


Efc m +i 






< 


(1 + 6 m+ i) Efelm+l 






< 1 



(5.10) 



^— < 1 (zeU; k>n + p), 



2 - 2Er=„ +P lofci z k -? (0 m+ i i) Er= m+ i m z 

which leads us immediately to assertion (5.4) of the theorem. 

The bound in (5.4) is sharp with the extremal function given by (5.5). The proof of theorem is thus completed. 

6. PROPERTIES ASSOCIATED WITH QUASI-CONVOLUTION 

In this part, we establish certain results concerning the Quasi-convolution of function is in the class V^ ^ ^A, B; a,p). 
For the functions fj(z) <G A(n,p) given by 

oo 

(6.1) f 3 (z) =z*- Mz k (J = V G N), 

k— n+p 

we denote by (f\ • f2)(z) the Quasi-convolution of functions fi(z) and fa{z)) that is, 



(6.2) 



(A*f2)(z) = z p - J2 M\a k ,2\z k . 

k=n+p 



Theorem 6.1. If fj(z) G V{ ^(A, B; a h p) (j = l,m), then 

(6-3) (h. f 2 . .... f m )(z) £V{^(A,B;r,p), 

where 

W 3 U(B-A)(p-o 3 ) 



(6.4) 



T:=p 



(B - A)[(n +p)(l + B)<S>% +P (6, A, M , i)]" 1 " 1 



The result is sharp for the functions fj(z) given by 



(6.5) 



fj(z) = z p - 



(B-A)(p-a, 



(n+p)(l + B)^ +p (5,X,^l) 



z p+n y = 1)m )_ 
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Proof. For m = 1, we see that T = a\. For m = 2, Theorem 3.1 gives 
(6.6) 



~ k(l + B)^ p (S,X^,l) . . 



,_„ + , (B-^)(p-*i) 
Therefore, by the Cauchy-Schwarz inequality, we obtain 

\ - fc(l + B)$*(5,A,/i,/) 

(6.7) 



E 



afeil |a fe o| < 1. 



To prove the case when m = 2, we have to find the largest T such that 



(6.8) 

or such that 
(6.9) 

this, equivalently, that 
(6.10) 



~ k(l + B)$ k p (6,\,»,l) 
1^ — r5 TuZ. — ^ — l a Ml \ a k,2\ < !> 



A;— n+p 



(B-A)(p-T) 



|Qfc.l| |Qfc,2| 

(B-^)(p-T) 



< 



flfc.il |a fc ,2 1 < 



u i= i( B - A )(p-^ 

(B-A)(p-T) 



^YlU{B-A)(p-a 3 ) 
Further, by using (6.7), we need to find the largest T such that 



Ilj=i(£ - A )(P - vj) < (B- A)(p - T) 



fc(l + B)$*(J,A,/i,0 



n; = i(s-A)( P -^) 

fc(l + B)$*(5,A,/i,0 



or, equivalently, that 

(6.11) _ 

It follows from (6.9) that 

(6.12) T<p- 
Now, defining the function tjj(k) by 

Y[)= 1 {B-A){p-a j 



(B - A)(p - T) " if ( B - A)(p - a 



nU( B - A )(p-^ 

(B-A)k(l + B)^ 6 ,X, fl ,iy 



(6.13) 



ip(k) =p 



(B-A)fc(l + fl)$*(<J,A,M' 
we see that ip'(k) > for k > p + n. This implies that 



T < ip(n + p) = p — 



nU( B - A )(p-°i) 



{B - A)(n +p)(l + B)$£ +p (<5, A, ft, I) ' 
Therefore, the result is true for m = 2. 

Suppose that the result is true for any positive integer m. Then we have (/i»/2»---*/ro , /m+i)(z) 6 7-** Z (A, i?; 7,p), 
when 

(£?-A)(p-T)(£?-A)(p-<r m+1 ) 

7 P (B-A)(n+p)(l + B)^ +p (S,\^,l) 
where T is given by (6.4). After a simple calculation, we have 



7 <P 



Y\7=i\B-A){p-a 



{B — A)[(n + p)(l + B)&p +P (5, A, fj,, l)] m ' 

Thus, the result is true for m + 1. Therefore, by using the mathematical induction, we conclude that the result is true 
for any positive integer m. 

Finally, taking the functions fj(z) defined by (6.5), we have 



C/W2 •...•/„>)(*) - z p \]l 



(B-A)(p-a 3 ) 



L i 1 (p + n)(l + S)^ + "(5,A, Ai ,Z) 



A-p-\-n 



p+n 



12 



ER.HAN DENIZ AND HALIT ORHAN 



which shows that 

(B-A)(p-T) " (B-A)(p-T) 



~ fc(l + £?)$ffi,A,M) A (n + + A, /*,0 A 



(n+p)(l + B)<i>;+P(S,X,ii,l) 
(B-A)(p-T) 

(B-A)(p-a 3 : 



n 



L 1 (p + n)(l + S)$^ n (5,A,/i,0 



Consequently, the result is sharp. 

Putting <jj = a (j = 1, m) in Theorem 6.1, we have; 
Corollary 6.2. If fj(z) e V S X ^(A, B;a,p) (j =T^n), then 

(/i'/2...../ m )WePt,(i,5;T, P ), 

where 

[(B-A)(p- £ r)r 



T:=p 



(B - A)[(n +p)(l + B)$; +p (6, A, /x, i)]" 1 " 1 ' 
The result is sharp for the functions fj(z) given by 

f. (z ) = (b-a)(p-<j) r 7 - = ra 

fA ' (n+p)(l + B)^(5,X^,l) {3 ' j ' 

Remark 6.1. For special values of parameters A, /x, Z, 5, cr, A, B, n and p, our results reduce to several well-known 
results as follows: 

(1) Putting A = — 1, -8 = 1, (5 = and m = 2 in Theorem 6.1, we obtain the corresponding results of Yaguchi et 
al. [55] and Aouf and Darwish [7] for n = 1. 

(2) Putting A = — 1, B = 1, (5 = and m = 2 in Corollary 6.2, we obtain the corresponding results of Lee et al. 
[26] and for n = 1 and Sekine and Owa [44] for p = 1 . 

(3) Putting A = —1, B = 1, <5 = and m = 3 in Corollary 6.2, we obtain the corresponding result due to Aouf 
and Darwish [7] for n = 1. 

(4) Putting A = — /3, B = f3, S = and cr = a in Theorem 6.1, we obtain the corresponding result due to Aouf 
[5]. 



Theorem 6.2. Let the function fj(z) (j — 1, m) given by (6.1) be in the class V x t (A, B; aj,p). Then the function 



(6.14) h(z) = z*>- J2 £K> 

k=n+p \j=l 



2\ z k 



belongs to the class V x ^{A, B; x,p), where 

m{B-A){p-a*f . . 

(6.15) x :=P~ - — „^n+p/c ; n ( CT :=min{ai,a 2 ,...,ff m }). 



The result is sharp for the functions fj(z) (j = l,m) given by (6.5). 
Proof. By virtue of Theorem 3.1 we have 

<6 - 16) S„{ (B-^-.,) ) '"<"' * ,E (B - - ct,) '-4 SI- 



Then it follows that for (j = 1, m), 



2 



, R17 . 1 ^ fc(l + ij)^((5,A, M ,/) - 2 



m , , . , , , 

k—p+n K ) \J=1 

Therefore, we need to find the largest \ such that 

(6 - 18) <«-^-x) HS k " l,£ 
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This implies that 

m( B — A)(n — a*) 2 

(6.19) x < p - __________ { a*:=min{a 1 ,a 2 ,...,a m },k>p + n). 

Now, defining the function S(fc) by 

m(B - A)(p - <r*) 2 



(6 ' 20) 3<t): =*' W + ^(..A,,„o - 

we see that S5(/c) is an increasing function of k, k > p + n. Setting k = p + n in (6.19) we have 

^cv _. ^ m(g-A)(p-(T*) 2 

y < b(n + p := p -r 

(n+p)(l + _?)<I>£ +p (<5,A,M 

which completes the proof of Theorem 6.2. 

Setting <Tj = g (j = l,m), in Theorem 6.2, we arrive at the following result. 
Corollary 6.3. Let the functions fj(z) (j = l,m) given by (6.1) be in the class V^^A, B; cr,p). Then the function 

h(z) = z f 

belongs to the class V & x p t (A, B; x,p), where 

m(B- A)(p-af 

X-=P 




(n+p)(l + J B)<&£ +p (<5,A,p,0 



The result is sharp for the functions fj(z) (j — l,m) given by (6.5). 
Remark 6.2. 

(1) Putting A = —1, B = 1, (5 = and m = 2 in Theorem 6.2, we obtain the corresponding results of Yaguchi et 
al. [55]. 

(2) Putting A = —1, B = 1, (5 = and to = 2 in Corollary 6.3, we obtain the corresponding results of Aouf and 
Darwish [7] for n = 1, Sekine and Owa [44] for p = 1. 

(3) Putting A = —(3, B — (3, S — and <r — a in Theorem 6.2, we obtain the corresponding result due to Aouf 
[5]. 

7. APPLICATIONS OF FRACTIONAL CALCULUS OPERATORS 

Various operators of fractional calculus (that is, fractional integral and fractional derivatives) have been studied in 
the literature rather extensively (cf., e.g., [37, 50, 53]; see also [14, 51] the various references cited therein). For our 
present investigation, we recall the following definitions. 

Definition 7.1. Let f(z) be analytic in a simply connected region of the z-plane containing the origin. The fractional 
integral of / of order v is defined by 

where the multiplicity of (z — (Y^ 1 is removed by requiring that log(z — C) is rea l for 2; — (> 0. 

Definition 7.2. Let f(z) be analytic in a simply connected region of the z-plane containing the origin. The fractional 

derivative of / of order v is defined by 

(7.2) vjM-^^-m^^,^ 

where the multiplicity of (z — ()^' / is removed by requiring that log(z — Q is real for z — ( > 0. 

Definition 7.3. Under the hypotheses of Definition 7.2, the fractional derivative of order n + v is defined, for a 
function /(z), by 

in 

(7.3) V n +»f{z) = _{©-/(„)} (0 < v < 1; n € N„). 

In this section, we shall investigate the growth and distortion properties of functions in the class [(A, B; <r,p), 
which involving the operators Ta. v and T> v z . In order to derive our results, we need the following lemma given by Chen 
et al. [14]. 

Lemma 7.1 (see [14]). Let the function f(z) defined by (1.10). Then 

(7.4) V *{M){z)}- T{p + 1 _ v f - {{> + m k + l- v ) akZ 
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{v e M; > -p; p,n E N) 

and 

(7.5) x^ { (p z/ ) (z ) } .______^ z p _^_______ afcZ 

(i^eM; > -p; p,n £ N) 
provided that no zeros appear in the denominators in (7.4) and (7.5). 

Theorem 7.1. Let the functions f(z) defined by (1.10) be in the class t (A, B; <r,p). Then 

\V- v m, P f)(z)}\ (7.6) 

f T(p+1) {■d+p)T(n + p+l)(B-A)(p-(T) „1 p+v 

\T{p+l + u) (tf + n + p)r(n + p+l + v)(n + p)(l + B)<t>; +p (6,\,n,l) lZl J 

(z E U; is > 0: $ > -p; p,n E N) 

and 

|2>r{(W)W}| (7-7) 

< ( r(p + i) (7? + P )r(Ti + p + i)(B-A)(p-<7) urlur- 

- \r(p+l + i/) (tf + n+p)r(n + p+l + ^)(n+p)(l + B)$£ +p (M,M,0 ' 

(zeM; i> > 0; > -p; p, n £ N). 

Each of the assertions (7.6) and (7.7) is sharp. 
Proof. In view of Theorem 3.1, we have 



> 



(7.8) 



(n+p)(l + B)$Z+r(8,\,v,l) 



^ . ^ kjl + B^i^X^l) 



which readily yields 

(B-A)(p-a) 



(7-9) \ a k\< 

k—n-\-p 

Consider the function T{z) defined in U by 



(n + p)(l + B)$Z +p (6,\,»,iy 



Hz) = r r(p + i^ "^ {(:r ^ /)(0)} 



oo 



v (z9 + p)r(fc + i)r(p + i + ^) A 

fc irr +P ^ + fc ) r ( fc + 1 + ^ r (p+ 1 ) 



oo 



= z p - ^ e(fc)|a fe |z fe (zEU) 

k—n+p 

where 

, s (i? + p)r(fe + i)r(p + i + i/) , 

(7.10) e {k) : = ;, + g r ; fc+1 v: )r(p+1 ; (* > * + » ; P) „ e N; „ > 0) . 

Since 0(fe) is a decreasing function of k when i/ > 0, we get 

(7.11) 0<e (fc )<e(n + p)- (O+mn + P + mP+l + v) 



{i9 + n + p)T(n + p + 1 + v)T(j> + 1) 

(v > 0; j? > -p; p,n G N). 
Thus, by using (7.9) and (7.11), for all z £ W, we deduce that 

oo 

|.F(*)| > |z| p -9(n + p)|zr +p J] Kl 

(g + p)I> + p + l)r(p + 1 + V )(B - A){p - a) +p 



> z"- 



{ti + n + p)r(n + p + 1 + v)T{p + l)(n + p)(l + B)$£ +p (<5, A, //, J) 



CERTAIN SUBCLASSES OF MULTIVALENT FUNCTIONS 



15 



and 



\F{z)\ < \z\ p + Q(n + p)\z\ n+p £ \a k \ 

k—n-^p 



< \z\ p + 



(g + p)T(n +p+ l)r(p + 1 + v){B - A)(p - a) 

(0 + n + p)T{n + p+l + v)T(p + l)(n + p)(l + £)$£ +p ((5, A, /x, I) 



z 



■ n+p 



which yield the inequalities (7.6) and (7.7) of Theorem 7.1. Equalities in (7.6) and (7.7) are attained for the function 
f(z) given by 



r(p + i) 
r(p + i + 1/) 



(t? + p)I> + p + - i4)(p - <r) 



(d + n + p)T(n + p+l + v){n + p){\ + B)^ +p (6, A, I) 
or, equivalently, by 

fI , n f ^ = 0P Q9+p)(S-A)(p-<7) +p 

P (d + n + p)(n + p)(l + B)Qp +p (S, A, M) /) 

Thus, we complete the proof of Theorem 7.1. 

Theorem 7.2. Let the functions f(z) defined by (1.10) be in the class V\^j{A, B; <r,p). Then 

m(Z*, P f)(z)}\ (7.12) 
r(p+l) ,- y (d+p)T{n + p)(B-A){p-<j) \ 



> 



r(p + 1 - i/) (0 + n + p)I> + p + 1 - + B)$£ +p (,5, A, /x, i) 

(z e U: is > 0; $ > -p; p,n E N) 



ra(2^, p /)(*)}| (7.13) 
r(p+l) „,,_„ , (d+p)T{n + p)(B-A){p~<j) \^n\\?\P- v 



and 



< ^ if : '. Z V~" J 1 _L-L i ' " \ z \" K \ z 

T(p+l-u) ^ + n + p)T(n + p+l-u)(l + B)^ +p (8,X,^l) 

(z eU; v>0; > -p; p, n G N). 
Each of the assertions (7.12) and (7.13) is sharp. 



Proof. It follows from Theorem 3.1 that 

(7.14) f k\a k \< ( B - A KP-° 

Consider the function Q(z) defined in U by 



Q{z) = T % l +i)' ] zVVV AM){z)} 

{$+p)T{k)T{p+l-u) k 
k Z^ p{ p + k )Y{k + l-v)T{p+l) k ^ Z 

oo 

= z p - p(k)k\a k \z k (zeU) 

k=n+p 



where, for convenience, 



Since p(k) is a decreasing function of k when < v < 1, we find that 

m-,^ n / x (^+p)r(n + p)r(p+l-j/) 

(7.16) < < p(n + p) - 



(tf + n + p)T(n + p + 1 - i/)r(p + 1) 
(0 < v < 1; i)>-p;p,ne N). 
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and 



Hence, with the aid of (7.14) and (7.16), for all z eW, we have 

oo 

\Q(z)\ > \z\ p -p(n+p)\z\ n+p ]T k\a k \ 

k— n+p 

> , , P (g +p)T(n + p)T(p + 1 - v)(B - A){p - a) +p 

~ {^ + n + p)T(n + p+l-u)T(p+l)(l + B)^ +p {S,X,fx,l) ]Z{ 

OO 

\Q(z)\ < \z\ p + p(n+p)\z\ n+p k\a k \ 

k—n-\-p 

< p (d+p)r(n + p)r(p + l-u)(B-A)(p-a) n+p 

(■& + n + p)T(n + p + 1 - v)T{p + 1) (1 + B)<3> n p +P (5, A, M , Z) 

which yield the inequalities (7.15) and (7.16) of Theorem 7.2. Equalities in (7.15) and (7.16) are attained for the 
function f(z) given by 

r(p+l) (tf +p)I> + p +!)(£- A) (p-cr) 



or, equivalently, by 



r(p + 1 - v) (0 + n + p)I> + p + 1 - + S)$^ +p ((5, A, /x, i) 



z" > z 



{d + n + p){n + p){\ + B)^ +p (5, A, fx, I) 
Consequently, we complete the proof of Theorem 7.2. 
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